A semiempirical ansatz to compute anharmonic contributions to the free energy neglected in quasiharmonic calculations is introduced. A parametrized temperature-dependent modification of the vibrational density of states designed to be used directly with the quasiharmonic free-energy expression is proposed. An approximate relationship between the modified frequencies and the renormalized frequencies is developed. This parametrization is shown to produce the correct low and high temperature behavior of the anharmonic free energy and other thermodynamics properties. It is shown that the thermodynamics properties of ␣-and ␤-Mg 2 SiO 4 ͑for-sterite and wadsleyite͒ and MgO ͑periclase͒ improve considerably after inclusion of anharmonic effects. Anharmonicity is shown to have a significant effect on the phase boundary of the forsterite to wadsleyite transformation. Inclusion of anharmonic effects can reconcile discrepancies between the measurements of the Clapeyron slope of this transition and the values predicted by quasiharmonic calculations.
I. INTRODUCTION
The quasiharmonic approximation ͑QHA͒ ͑Ref. 1͒ in conjunction with first-principles vibrational density of states 2 has been successfully and widely used to compute thermodynamics properties of materials by first principles. 3 In the QHA, intrinsic temperature ͑anharmonic͒ effects caused by phonon-phonon interaction are neglected. In the most commonly used version of this approximation, the statically constrained QHA, 4 temperature effects on the crystal structure and on phonon frequencies are accounted for through extrinsic volumetric effects only. Because intrinsic temperature effects increase with temperature, the QHA becomes inadequate beyond a certain temperature located between the Debye temperature, D , and the melting temperature, T M . [5] [6] [7] [8] [9] [10] [11] [12] The lower the pressure the more visible this effect is. For example, at 0 GPa the thermal expansion coefficient of MgO ͑Refs. 3 and 10͒ deviates strongly from experimental data above 1000 K. Anharmonicity can be computed directly by first principles and phonon lifetime and linewidth for individual modes have already been carried out. 13, 14 However, calculation of the anharmonic free energy requires computation of phonon-phonon interaction for all modes sampled in the Brillouin zone and this remains a daunting task.
Several parametrized approximations to treat anharmonic effects have been proposed. [15] [16] [17] [18] [19] [20] Usually, the anharmonic correction to the quasiharmonic free energy, F anh ͑V , T͒, is written as an expansion in powers of T at high temperatures. 15, 16, 18 According to perturbation theory, the lowest order term is quadratic in T, 15 i.e., F anh ͑V , T͒ = 3nk B 2 b͑V͒T 2 . This expression is valid only in the high-temperature limit. It produces small but unphysical results at low temperatures such as a linear anharmonic heat capacity. Furthermore, the parameter b͑V͒ is volume sensitive since anharmonicity decreases rapidly with pressure. Unphysical low temperature results and the difficult determination of the volume dependence of b, usually achieved through molecular dynamics ͑MD͒ simulations, 20 limits the application of this method. Anharmonic effects can also be accounted for by using the measured or computed temperature-dependent frequencies, i.e., the self-consistent renormalized phonon frequencies, into the quasiharmonic formula of the entropy but not for other thermodynamics functions like the Helmholtz free energy. 16, 17, 21 This has been accomplished by combining Debye-type models 16, 18 and experimentally measured temperature-dependent frequencies. Nevertheless, replacement of some form of temperature dependent frequencies directly into the free-energy formula has also been done as a form of parametrization. 19, 20, 22, 23 All these methods introduce inevitably volume-sensitive parameters or require explicit knowledge of the renormalized frequencies, none of which are easy to obtain at high pressures and temperatures.
Although anharmonicity is naturally included in MD simulations, 20 it is not so straightforward to extract this information. Although phonon density of states can in principle be obtained from MD, the limited number of atoms possible in first-principles simulations limits the number of wave numbers ͑q vectors͒ that can be sampled. This limitation can be overcome by performing force field type simulations 20, 24 which can handle considerably larger numbers of atoms. However, this is a laborious procedure whose outcome is not as reliable as that of a purely but prohibitively costly firstprinciples approach. In contrast, phonon calculations based on density-functional perturbation theory can sample as many wave numbers as necessary with the effort scaling linearly with number of q vectors. The accuracy of the final phonon density of states can easily be checked against wave number samplings used in the computation of force constants and of the phonon density of states and it is not a problem to increase either if necessary. For instance, the thermodynamics properties of MgO derived from first-principles MD ͑64 atoms͒ at room temperature plus corrections for quantum effects using a Debye-type model, 24 are still not as good as those derived by first-principles QHA calculations 10 equivalent to an MD simulation including 3456 atoms. It is therefore desirable to use QHA results as a starting point and find an effective and easy approach to augment the QHA free energy with an anharmonic contribution to extend the tem-perature regime of applicability of these calculations.
In this paper we introduce a semiempirical approach that builds on quasiharmonic free-energy calculations to obtain the anharmonic contribution to the free energy. The prominent advantage of this approach is that a single volume and temperature-independent parameter, c, is involved, which makes this method easily applicable. This method produces the correct low and high-temperature anharmonic behavior and reduces to the QHA when c = 0. We show that the thermodynamics properties of ␣-and ␤-Mg 2 SiO 4 ͑forsterite and wadsleyite͒ improve considerably after inclusion of anharmonic effects. We also show that anharmonic effects increase dramatically the Clapeyron slope ͑CS͒ of the phase transformation between forsterite and wadsleyite. This improves the agreement between the predicted CS and those obtained by experiments. The thermodynamics properties of MgO ͑peri-clase͒ also show noticeable changes at relevant mantle conditions.
II. CALCULATION DETAILS
The complete quasiharmonic calculations 16 of periclase, forsterite, and iron free wadsleyite upon which the current calculations are based have been published earlier.
3, [25] [26] [27] [28] These were plane-wave pseudopotential calculations whose details have been extensively discussed in those papers. The pseudopotential for magnesium was generated by the method of von Barth and Car, 3 while those for oxygen and silicon were generated by the method of Troullier and Martins. 29 The plane-wave cutoff energy is 70 Ry. Brillouin zone summations over electronic states were performed over 4 ϫ 4 ϫ 4 ͑10 points͒, 4ϫ 2 ϫ 4 ͑16 points͒, and 4 ϫ 4 ϫ 4 ͑17 points͒ k mesh with ͑1/2,1/2,1/2͒ shift from original for periclase, forsterite, and wadsleyite, respectively. The structures were well optimized using variable cell shape molecular dynamics. 30 Dynamical matrices were computed on 4 ϫ 4 ϫ 4, 2 ϫ 2 ϫ 2, and 2 ϫ 2 ϫ 2 q mesh using density-functional perturbation theory ͑DFPT͒ 2 and then interpolated in a regular 12ϫ 12ϫ 12, 12ϫ 12ϫ 12, and 9 ϫ 9 ϫ 9 q mesh to obtain the vibrational density of state for periclase, forsterite, and wadsleyite.
III. ANSATZ
The quasiharmonic free energy is expressed as
U 0 ͑V͒ is the internal static energy obtained by a firstprinciples variable cell shape type structural optimization under hydrostatic pressure. The second and third terms are the zero-point ͑F H zp ͒ and thermal energies ͑F H th ͒, respectively. In the statically constrained QHA, the crystal structure and phonon frequencies are unique functions of the volume. 4 Temperature effects on these quantities are accounted for through volumetric effects only. The intrinsic temperature dependence, i.e., anharmonic effects caused by phonon-phonon interactions, is neglected. For a recent discussion of some consequences of this approximation see Ref. 4 .
The fully anharmonic free energy can be separated as
where F anh ͑V , T͒ is the anharmonic correction to the quasiharmonic free energy, F H ͑V , T͒. As argued by Falk, 31 Wallace, 16 and demonstrated by Hui and Allen, 17 it is possible to compute exactly the anharmonic entropy, S A , if one replaces the harmonic frequencies, q,j ͑V͒, by the renormalized temperature-dependent frequencies, ⍀ q,j S ͑V , T͒, in the harmonic formula, S H =−͑‫ץ‬F H / ‫ץ‬T͉͒ V :
. This substitution is not valid for any other thermodynamics function. Although progress has been made in first-principles computations of individual renormalized phonon frequencies, 13, 14 it is still a daunting task to renormalize the entire vibrational spectrum. Here we introduce an ansatz that captures the effect of anharmonicity on the free energy and permits computations of anharmonic thermodynamics properties directly from the free energy. It relies on the definition of a modified temperature-dependent vibrational spectrum, ⍀ q,j F , that reproduces the anharmonic free energy when used directly in Eq. ͑1͒. These frequencies must reproduce the correct anharmonic behavior, i.e., anharmonicity should increase with temperature at constant pressure, and decrease with pressure at constant temperature. An approximate relationship between the modified frequencies, ⍀ q,j F , and the renormalized frequencies, ⍀ q,j S , will be derived below in the high temperature limit.
The temperature dependence of ⍀ q,j F is implicitly expressed as
where VЈ depends on temperature for a fixed volume V:
͑5͒
V and V 0 are the predicted quasiharmonic volumes at high and zero temperature, respectively, both at the same quasiharmonic pressure, P͑V , T͒. c is a constant to be determined empirically by comparing, for instance, experimental data on the thermal expansivity, ␣, to predictions of quasiharmoniclike calculations using the modified spectrum of Eq. ͑4͒. This ansatz is suggested by the fact that in the QHA phonon frequencies depend on volume only. Therefore, if the predicted quasiharmonic volumes differ from the experimental volumes, the correction of the frequencies should be expressed through a volume-dependent term. 
, where K 0 , K T are isothermal bulk modulus at 0 K and finite T, respectively, ␥ i ͑VЈ͒ is the mode Grüneisen parameter, ␣͑V , T͒ is the quasiharmonic thermal expansivity, and c is the empirically determined constant. ␤ and ␣͑V , T͒ are always positive, ␤ ϳ 1 at low temperatures, and the product ␤␣͑V , T͒ increases slightly and linearly with temperature at high T ͑see Fig. 1͒ . ␥ i s are positive in most cases, but can be negative for harmonic modes that soften under pressure. Therefore, the temperature dependence of ⍀ i F is proportional to c␥ i with a positive and slightly linearly temperaturedependent prefactor at high temperatures. At low temperatures the prefactor is the thermal expansivity ␣ ͑see the Appendix, Sec. 2͒. From Eq. ͑7͒, we see that the temperature dependence of ⍀ i F could be captured even more realistically by introducing frequency-dependent parameters, c i s. This would entail defining frequency-dependent V i s in Eq. ͑4͒ and rewriting Eq. ͑6͒ as a sum over contributions from individual modes. As is, the single parameter c is a weighted average of the c i s. Since most ␥ i s are positive, and this is true for all three minerals addressed here, c Ͼ 0 implies that the predominant anharmonic effect on frequencies is to increase them with increasing temperature, while c Ͻ 0 indicates the opposite, anharmonic frequencies in average decrease with increasing temperature. Recall, however, that ⍀ i F are not the true renormalized frequencies, ⍀ i S , but it might be quite similar to ⍀ i S ͑see the Appendix, Sec. 2͒. An approximate relationship between ⍀ i F and ⍀ i S can be derived by recalling that the anharmonic entropy can be computed in two different ways, using Eq. ͑3͒ or using
where
Imposing the equality between each term under the summations in Eqs. ͑3͒ and ͑8͒ it is possible to show ͑see the Appendix, Sec. 2͒ that
and
where i = cies are in the range 1 -3 k B T. Correspondingly, their i 's are in the range of 0.6-0.9. Therefore ⍀ S always increases ͑if c Ͼ 0͒ or decreases ͑if c Ͻ 0͒ more quickly than ⍀ F . The quantities with obvious temperature dependence in Eq. ͑10͒ are the product ␤␣ from Eq. ͑7͒ and i , both increasing rapidly with temperature at low temperatures and becoming weakly temperature dependent at high temperatures ͑see the Appendix, Sec. 1͒. Therefore we expect a noticeable nonlinearity in a i S at low temperatures and a nearly linear behavior at high temperatures. In fact, this behavior has been observed in the renormalized frequencies of diamond by Raman scattering experiments. 32, 33 
IV. PREDICTIONS AND COMPARISONS WITH EXPERIMENTS
MgO ͑periclase͒ is an important mineral of Earth's lower mantle. Its thermodynamics properties above 2000 K are important to understanding the state of this region.
11 It is also a very important material in high pressure technology. Because of its large stability field, it lends itself as a high pressure and high temperature calibrant. Its equation of state at multiMbars and several thousands of Kelvin is often used as pressure standard in high temperature diamond anvil cell experiments.
34-37 ␣-and ␤-Mg 2 SiO 4 ͑forsterite and wadsleyite͒ are important minerals of Earth's upper mantle and transition zone, respectively. The phase transformation between ␣-and ␤-Mg 2 SiO 4 is responsible for the seismic wave velocity discontinuity at 410 km depth. Understanding the nature of this transformation is important for the interpretation of seismic data and for geodynamic modeling of mantle convection. Recently it was pointed out by Yu et al. 29 that the QHA is in the borderline limit of validity at the conditions in which this transformation takes place in the mantle, i.e., ϳ1700 K and 13.5 GPa. It is therefore desirable to reinvestigate this transformation including anharmonic effects in the free energy of these phases.
A. Anharmonic effects in periclase (MgO)
Periclase has been extensively investigated experimentally and theoretically. Its anharmonic behavior has also been previously discussed in the literature. 24, 37, 38 Several thermodynamics properties of MgO derived from anharmonic free energies computed using Eqs. ͑4͒-͑6͒ are shown in Fig. 2 for various values of c. As expected, at low temperatures, i.e., before quasiharmonic results ͑c =0͒ start deviating from experimental values, anharmonic effects are negligible for any c. Anharmonic effects also become less and less significant with increasing pressure. At P = 100 GPa anharmonicity can be almost entirely overlooked up to 3000 K. This is consistent with conclusions by Inbar and Cohen 7 obtained using the VIB method. They have showed no significant differences between MD results and quasiharmonic results at such pressures and temperatures. In general, the correction becomes increasingly significant with increasing temperature. Our results show great improvement in the agreement with experi- Exp. Touloukian et al [1977] MD. Inbar and Cohen [1995] (a) Exp. Isaak et al [1989] (c) mental thermodynamics data at high temperatures with increasing c. Comparison of predicted and measured thermal expansivity indicates that the optimum value of c is ϳ0.1. For this value of c, the predicted thermal expansivity differs from measured values by less than 1% up to the highest measured temperature, T = 1700 K at 0 GPa. ␥ th and C p are also very well predicted for this value. For c = 0.1, ␥ th is nearly temperature independent, which is consistent with results by Inbar and Cohen 7 as well. The predicted ␥ th is also in good agreement with experimental values. 39 For c = 0.1, C p is also in excellent agreement with experimental data. 39 Therefore, anharmonic effects described by Eq. ͑5͒ are very close to the expected ones. The fact that this anharmonic calculation builds on quasiharmonic ones that are already in excellent agreement with experiments at low temperatures leads to better agreement with experiments at high temperatures than MD simulations alone. Those excellent agreements also ensure that the pressure scale of MgO ͑Ref. 37͒ based on current anharmonic correction has very precise thermal pressure.
From Fig. 2͑d͒ one sees that anharmonic effects on the adiabatic bulk modulus, K S , at 0 GPa begins to be noticeable above 1000 K. Predictions of K S of minerals at relevant mantle conditions are extremely important. Table I shows the effect of anharmonicity on the properties displayed in Fig. 2 , at some relevant conditions. The property most affected by anharmonicity is the thermal expansivity, ␣, followed by ␥ th and C P , with K S being the least sensitive. At conditions of the uppermost lower mantle anharmonicity changes the quasiharmonic K S by 0.8%. Anharmonicity decreases with increasing pressure and at core-mantle-boundary conditions the quasiharmonic predictions for K S should be correct within −0.09%.
B. Anharmonic effects on the forsterite\ wadsleyite transition
Precise knowledge of the phase boundary between forsterite and wadsleyite is needed to constrain the thermal structure and mineralogy of the mantle, particularly of the upper mantle, transition zone, and the velocity discontinuity of the seismic wave at depth about 410 km. Given its importance, this transformation has been extensively investigated by both experiments and theory. 28, [40] [41] [42] [43] [44] [45] [46] Quasiharmonic calculations of this phase boundary have consistently shown similar Clapeyron slopes ͑CS͒, 28,45,46 2.5-2.7 MPa/K. These values are smaller than the values determined directly from high pressure and temperature crystallographic data 41, 42 or from semiempirical thermodynamics calculations, 47 3.6-4.0 MPa/K. Anharmonic effects have long been recognized in forsterite as well. Its heat capacity at constant volume, C v , can exceed the Dulong-Petit limit between 1400 and 1800 K at 0 GPa. [48] [49] [50] [51] It has also been recognized that the conditions at the 410 km discontinuity is at the borderline limit of validity of the QHA. 25, 28 Therefore, anharmonicity could be the source of the discrepancy between quasiharmonic predictions and measured or semiempirical CSs. As far as we know, the effect of anharmonicity on phase boundary computations has not been discussed so far because of the difficulty in addressing anharmonic free energies. With the current approach we are in position to discuss this effect on phase transformations also. We find that anharmonic effects are quite different in forsterite and in wadsleyite. Actually they are opposite and this enhances anharmonic effects on the phase boundary. Before we discuss this effect we analyze anharmonicity in forsterite and wadsleyite separately.
Forsterite
The most consistent experimental thermodynamics data for forsterite is C p . Measurements of other thermodynamics properties, such as thermal expansivity and C v , by different groups differ significantly from each other. Therefore we use C p to determine the anharmonic constant c. Figure 3͑a͒ shows the anharmonic C p computed for several values of c. At low temperatures, the QHA result ͑c =0͒ is in good agreement with experimental values. 49, 50, 52 But with increasing temperature, the quasiharmonic C p increases more slowly than the experimental values. This behavior is opposite to that in MgO, where the QHA overestimates C p ͓see Fig.  2͑c͔͒ . It is apparent that the anharmonic free-energy contribution in forsterite requires a negative c. The root-mean- As discussed in Sec. II, c reflects the intrinsic temperature effect ͑anharmonicity͒ on phonon frequencies. c Ͼ 0 ͑c Ͻ 0͒ implies anharmonicity increases ͑decreases͒ the average phonon frequencies at fixed volume. c Ͻ 0 in forsterite is consistent with Raman measurements by Gillet et al., 50 who indicate that all a i 's for 21 Raman modes are negative. Since the product ␣␤ is approximately 3.2ϫ 10 −5 / K at 600 K ͑see Fig.   1͒ , i ϳ 1, and 0.4Ͻ ␥ i Ͻ 2.1, we obtain a i S in the range −0.2 to − 0.9ϫ 10 −5 / K. Considering that experiments were carried out at constant pressure and the approximations involved in the calculation of a i s, these are close to the measured values of −1 to −2 ϫ 10 −5 / K. 50 From this analysis ͓see Eqs. ͑7͒ and ͑10͔͒ we expect the vibrational modes with smaller ␥ i s to have smaller absolute values of a i . This behavior of a i s was indeed observed by Gillet et al. 50 at constant pressure. They found that the absolute value of a i 's involving tetrahedral Si-O bond stretching with smaller ␥ i s 25 are smaller than for other lattice modes.
Thermal expansion data for forsterite from different reports 51, [53] [54] [55] are considerably different, especially at high temperatures ͓Fig. 3͑b͔͒. Our prediction for thermal expansivity ␣ using the optimum c determined from C P , −0.06, agrees best with data by Matsui and Manghnan 55 and by Suzuki et al. 53 These data sets show that the QHA underestimates ␣ at high temperatures. Consistently, the constant c derived from comparisons between predicted ␣ and measurements from these experimental data sets are c = −0.09 ͑from Suzuki et al. 53 ͒ −0.10 ͑from Matsui and Manghnani 55 ͒ ͓see Fig. 3͑b͔͒ which are close to the value of −0.06 determined from C p .
Anharmonic corrections with negative c raise C v beyond the Dulong-Petit limit at high temperatures. The crossing of the Dulong-Petit limit is at ϳ2000 K ͑1800 K͒ for c = −0.06 ͑−0.085͒. The experimental crossing temperatures are 1300 K, 50 1400 K, 48 and 1500 K. 49, 51 It appears that differences in the crossing temperatures are mainly caused by the difference in thermal expansion data used to calculate C v . C P is the measured quantity and C V is obtained from thermal expansivity ␣, ␥ th , and C P . The thermal expansivity data adopted in these experiments are smaller than ours. Therefore C v in these experiments are larger than ours obtained with c = −0.06 and −0.085, even though our calculated C p agrees well with the experimental data. Table I displays the effect of anharmonicity on thermodynamics properties at relevant mantle conditions, i.e., 1700 K and 13.5 GPa. Unlike in MgO, anharmonicity increases the values of thermodynamics properties. As in MgO, the most affected property is thermal expansivity ␣ followed by ␥ th , C P , and K S . Exp. Matsui and Manghnani [1985] Exp. Bouhifd et al [1996] Exp. Suzuki et al [1984] Exp. Kajiyoshi [1986] (b) Exp. Anderson et al [1991] Exp. Gillet et al [1991] Exp. Orr [1953] Figure 4 shows the variation in thermal expansivity ␣, C p , and C v , with c in wadsleyite. At low temperatures, all properties agree well with experimental data irrespective of c. At high temperatures, the nature of anharmonic effects is opposite to that in forsterite and similar to that in MgO. Therefore, c Ͼ 0 in wadsleyite. Using ␣ from Suzuki et al. 56 to determine c we get c ϳ 0.08 ͓see Fig. 4͑a͔͒ . This value for the anharmonic constant c also improves the temperature dependence of C p and C v , even though it is difficult to determine a reasonable value of c from C p and C v due to the absence of sufficiently high temperature data at low pressure ͑wadsley-ite is metastable at 0 GPa͒. However, it should be clear from all these thermodynamics properties of wadsleyite that its anharmonic constant c should be positive. Table I also displays the effect of anharmonicity on thermodynamics properties of wadsleyite at relevant mantle conditions. Like in MgO, anharmonicity decreases the thermodynamics properties and, again, the most affected property is thermal expansivity ␣, followed by ␥ th , C P , and K S .
Wadsleyite

The Clapeyron slope (CS)
The CS can be directly measured by high temperature and high pressure experiments ͑"direct measurements" henceforth͒, calculated from thermochemical data, or by combining vibrational spectroscopy data or calculated vibrational density of states in conjunction with the QHA ͑"calculations" henceforth͒. As shown in Table II , there are discrepancies between the CSs of the forsterite-wadsleyite transformation determined by direct measurements and by calculations.
With the exception of a CS of 2.5 MPa/K determined by the quench method, 43 which has been argued to underestimate the slope in several phase transformation studies, 42 direct measurements of the phase boundary show steeper phase boundaries, e.g., CSs such as 3.5 MPa/K, 40 3.6 MPa/K, 41 and 4.0 MPa/K. 42 By contrast, calculations show less steep slopes: 2.7 MPa/K from quasiharmonic calculations based on spectroscopic data, 45 2.7 MPa/K from quasiharmonic calculations using interatomic potentials 46 and 2.7 MPa/K ͑2.5 MPa/K͒ using first-principles LDA ͑GGA͒ vibrational density of states. 28 Thermochemical calculations by Akaogi et al. 44 displaying the Dulong-Petit limit 57 also show a small value of the CS, 1.8 MPa/K. This consistency between quasiharmonic results seems to indicate that something in the QHA produces a smaller CS. Therefore the most likely cause of the discrepancy between the slopes obtained by direct measurements and by calculations is anharmonic effects not include in the calculations. As discussed above, anharmonic effects on forsterite and wadsleyite are completely different. The anharmonic constant in forsterite, c ␣ , is negative, while in wadsleyite, c ␤ , is positive. The anharmonic free energy is negative for forsterite and positive for wadsleyite ͑see Figs. 7 and 8͒. This leads to further anharmonic stabilization of forsterite at high temperatures, and to an increase in the CS. As shown in Fig. 5 , the phase boundary changes substantially after anharmonic corrections. c ␣ = −0.06 and c ␤ = 0.08 change the transformation pressure by ϳ1 GPa at 1700 K and the CS increases from 2.7 MPa/K ͑c ␣ = c ␤ =0͒ to 3.6 MPa/K. Figure 6 shows the calculated CS at 1700 K versus c ␣ for c ␤ = 0 and c ␤ = 0.08. The CS varies quite linearly with c ␣ and c ␤ and can be expressed as
where CS 0 is the slope given by a quasiharmonic calculation ͑c ␣ =0͒. Therefore, anharmonicity may affect the CS particularly strongly when the CS is positive and the low pressure phase has a negative anharmonic constant c and the high pressure phase has positive c, or when the CS is negative and the low pressure phase has positive c and the high pressure phase has negative c. In the present case, the discrepancy between direct measurements and calculations of the CS are reconciled after inclusion of anharmonicity in the calculations ͑see Table II͒ .
V. ANHARMONIC CONTRIBUTION TO THE FREE ENERGY
Based on perturbation theory, the lowest order term of the anharmonic free energy contribution is proportional to T 2 at high temperatures. 15 Namely,
The third-and higher-order correction terms may be necessary in some cases. For MgO, molecular dynamic simulations indicate that, although the third-and fourth-order terms become non-negligible at very high temperatures, the anharmonic free energy still can be well fitted by a quadratic function in T at high temperatures. 20 The anharmonic free-energy correction based on Eqs. ͑1͒-͑6͒ at various volumes is displayed in Fig. 7 . Similarly to the correction extracted from MD simulations, 20 the present anharmonic free-energy correction in MgO can be well fitted by a quadratic function ͓Fig. 7͑a͔͒. This is also true for forsterite and wadsleyite ͓Figs. 7͑b͒ and 7͑c͔͒.
Equation ͑12͒ is valid only in the high temperature limit and produces unphysical results at low temperatures, such as a linear temperature dependence of C V . The present ansatz produces an appropriate anharmonic free-energy correction at low temperatures as well. As shown in Fig. 8 , the anharmonic free-energy contribution in MgO, and in ␣-and ␤-Mg 2 SiO 4 exhibit the typical T 4 behavior at low temperatures. 16 The present ansatz therefore reproduces the correct high and low temperature behaviors of the anharmonic contribution to the free energy and improves significantly the thermodynamics properties of these phases. This suggests that it must capture quite well the essence of anharmonic effects on the free energy of solids.
VI. CONCLUSION
We introduced a simple and effective semiempirical approach to compute anharmonic free energy in solids. The modified temperature-dependent frequencies to be used directly in the quasiharmonic free-energy formula are expressed implicitly through a dependence on the quasiharmonic ͑temperature dependent͒ volume. Only one constant, c, needs to be determined by comparing predicted properties with experimental data. c = 0 reduces the free energy to the quasiharmonic formula. The approach produces the correct low and high temperature anharmonic behaviors. The pre- FIG. 6. The Clapeyron slope at 1700 K versus the anharmonic constants for forsterite ͑c ␣ ͒ and wadsleyite ͑c ␤ ͒. Their relations can be well described by Eq. ͑11͒. dicted thermodynamics properties of MgO are in excellent agreement with experimental data over a wide temperature range after the anharmonic free-energy correction is included. The thermodynamics properties of forsterite and wadsleyite also improve much with this correction.
According to our analysis, there are two clearly distinct types of anharmonic effects in crystals: those for which c Ͼ 0 and those for which c Ͻ 0. For cases with c Ͻ 0, such as forsterite, the QHA underestimates the thermodynamics properties. Experimentally C v can exceed the Dulong-Petit limit in this case. In contrast, for cases with c Ͼ 0, such as periclase and wadsleyite, the QHA overestimates the thermodynamics properties and C v is always below the DulongPetit limit.
Our results also confirm that anharmonic effects may play an important role in the Earth's upper mantle and transition zone. Most striking is the effect of anharmonicity on the thermodynamics phase boundary between forsterite and wadsleyite. The effect moves the phase boundary to higher pressures at higher temperatures and increases the Clapeyron slope of this transformation. The discrepancy between the measurements of this slope and those predicted by quasiharmonic calculations is reconciled after inclusion of anharmonic effects. At lower mantle conditions, anharmonic effects in MgO are noticeable in the uppermost part of the lower mantle, but decrease rapidly with increasing depth ͑pressure͒. For all the minerals investigated, anharmonic effects are most noticeable in the thermal expansivity, followed by the thermal Grüneisen parameter, constant pressure specific heat, and adiabatic and isothermal bulk moduli. The temperature dependence of the phonon frequencies is usually expressed as
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a i = ͩ ‫ץ‬ ln i ‫ץ‬T ͪ V .
͑A1͒
Let a i F be the anharmonic parameter associated with the modified frequencies used in the free-energy formula
͑A4͒
For short, we adopted V = V͑P , T͒ and V 0 = V͑P ,0͒ above. Then
Although V 0 is defined at T = 0 K, it is a function of P͑V , T͒. Therefore,
͑A7͒
Recall that
The temperature dependences of ␣ and ␣␤ are shown in Fig.  1 for MgO at 0 GPa with c = 0.1. Below room temperature, ␤ is close to 1 and the temperature behavior of a i F is mainly determined by ␣. However, at high temperatures ␤ decreases with T and cancels the divergent temperature effect in ␣, leading to a small and linearly dependent temperature product ␣␤. This produces a small temperature dependence in a i F , since ␥ i s and c are quite small too ͑ϳ1 and 10 −1 -10 −2 , respectively͒. In MgO, ␣-and ␤-Mg 2 SiO 4 , ‫ץ‬a i F ‫ץ‬T Ϸ 5 ϫ 10 −10 / K 2 , −3ϫ 10 −10 / K 2 , and 4 ϫ 10 −10 / K 2 , respectively, above 1000 K. This small value will be exploited in the next section.
Deviation of the relation between Ω
F and Ω
S
An approximate relationship between the renormalized frequencies to be used in the quasiharmonic entropy formula, ⍀ i S , and the modified frequencies to be used directly in the quasiharmonic free-energy formula, ⍀ i F , is obtained by writing 
